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Black holes in extended gravity theories in
Palatini formalism
Jesus Martinez-Asencio, Gonzalo J. Olmo and D. Rubiera-Garcia
Abstract We consider several physical scenarios where black holes within classi-
cal gravity theories including R2 and Ricci-squared corrections and formulated a` la
Palatini can be analytically studied.
1 Palatini approach and black holes
In General Relativity (GR) the field equations are obtained by assuming a Rieman-
nian geometry and performing variations of the action with respect to the metric. If
the Riemannian condition is relaxed and the connection is allowed to vary indepen-
dently of the metric (Palatini formalism) the resulting field equations for GR turn
out to be equivalent to those obtained under the Riemannian assumption though, in
general, they are different. This is so because in the case of GR the connection field
equation can be solved in terms of the Christoffel symbols of the metric (Levi-Civita
connection). This compatibility between metric and connection and thus the iden-
tification between both approaches has mostly become implicitly assumed in any
extension of GR that includes curvature corrections to the Einstein-Hilbert action.
We note that, in particular, quadratic curvature terms are required for a high-energy
completion of the theory and indeed arise in the quantization of fields in curved
spacetime [1] and in several approaches to quantum gravity such as those based on
string theory [2]. However, the physical and mathematical properties of extended
gravity theories formulated in the metric or Palatini approaches are very different.
While the former is affected by a number of problems such as higher-order field
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equations or the existence of ghosts and other perturbative instabilities, the latter
provides always second-order field equations and absence of ghosts. In the particu-
lar case of Lovelock gravities [3], metric and Palatini formulations yield the same
field equations [4]. Here we briefly summarize some scenarios concerning black
holes in quadratic (Palatini) extensions of GR, where the connection equation can
be algebraically solved and the properties of the theories formulated in this way are
physically appealing.
For a theory f (R,Q) depending on the invariants R = gµνRµν and Q = RµνRµν
the variation with respect to the connection Γ γαβ leads, in the most general case
(admitting both nonvanishing torsion Γ γ[αβ ] and antisymmetric-Ricci R[µν]), to [5]
1√−g ∇˜α [
√−gM(β ν)] = Ξ (+)β νκρα M[κρ ] (1)
1√−g ∇˜α [
√−gM[β ν]] = Ξ (−)β νκρα M(κρ) (2)
where M(β ν)= fRgβ ν +2 fQR(β ν)(Γ ), M[β ν]= 2 fQR[β ν](Γ ) and Ξ (±)β νκρα = [S˜ναλ gβ κ±
S˜βαλ gνκ ]gλ ρ . The symmetric connection C˜
β
αλ in the covariant derivative ∇C˜α in (1)
and (2) has been introduced by convenience, and is related to the original connection
Γ βαλ =C
β
αλ +S
β
αλ (with C
β
αλ and S
β
αλ its symmetric and antisymmetric components,
respectively) as (with Sµ = Sλµλ )
Cλµν = C˜λµν −
1
3(δ
λ
ν Sµ + δ λµ Sν) ; Sλµν = S˜λµν −
1
3 (δ
λ
ν Sµ − δ λµ Sν). (3)
Equations (1) and (2) constitute a system such that the symmetric and antisym-
metric parts of Mµν are coupled to each other through the torsion tensor S˜βαλ . The
simplest solutions to this system of equations correspond to putting both S˜βαλ and
R[µν] to zero, so that (2) becomes trivially satisfied and (1) reads simply
1√−g∇α [
√−g( fRgµν + 2 fQR(β ν))] = 0 (4)
On the other hand, the variation of the action with respect to metric leads to
fRRµν − f2 gµν + 2 fQRµα R
α
ν = κ
2Tµν (5)
where Tµν is the energy-momentum tensor of the matter. If fQ =constant, taking the
trace in this equation one gets an algebraic equation implying that R = R(T ), with
T the trace of Tµν . Because in Palatini f (R) theories the modifications with respect
to GR lie in a number of T -dependent terms on the right-hand-side of the field
equations [6], it follows that for traceless matter-energy sources the dynamics in
Palatini theories is exactly the same as in the case of GR (+ a cosmological constant
term, depending on the Lagrangian chosen). However, nonlinear electrodynamics
(NED) are able to yield T 6= 0 and thus provide modified dynamics. In such a case
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the connection equation (4) may be solved by defining a rank-two tensor hµν =
fRgµν such that ∇µ(
√−hhµν)= 0 and thus Γ γαβ becomes the Levi-Civita connection
of hµν . In terms of hµν , the field equations of pure f (R) theories read
Rµ ν (h) =
1
f 2R
(
κ2Tµ ν +
f
2
δ νµ
)
(6)
Dealing with this equation for a given gravity and matter Lagrangians, and putting
the result in terms of the physical metric gµν , provides a full solution. In [6] the
particular case of f (R) = R± R2/RP (RP ≡ Planck curvature) coupled to Born-
Infeld electrodynamics [7] was analyzed, finding the existence of black holes with
up to three horizons, and a singularity of minimum divergence ∼ 1/r2, which is
milder than in GR (∼ 1/r4 for Schwarzschild and ∼ 1/r8 for Reissner-Nordstro¨m).
This procedure also works for the general f (R,Q) case. Now there is deviance
from GR even for traceless matter-energy sources. The connection equation (4)
leads to the following relation between the auxiliary hµν and physical gµν metrics
hµν = g
µαΣα ν√
det ˆΣ
, hµν = (
√
det ˆΣ)Σµ α gαν . (7)
where Σµ ν = ( fRδ νµ +2 fQPµ ν) with Pµν ≡ Rµαgαν . In terms of hµν the field equa-
tions read as (6) with the replacement f 2R →
√
det( ˆΣ ). When Tµν represents a
monopolar Maxwell field, a generalization of the Reissner-Nordstro¨m solution is
obtained [8]. Taking the Lagrangian density f (R,Q) = R+ l2P(R2 +bQ) where lP ≡
Planck’s length and b a constant, solving (6) and writing the final result for a static,
spherically symmetric metric ds2 = gttc2dt2 + grrdr2 + r2dΩ 2 leads to
gtt =−A(z)
σ+
, grr =
σ+
σ−A(z)
, A(z) = 1− [1+ δ1G(z)]
δ2zσ1/2−
, (8)
where z≡ r/rc, rc ≡
√
rqlP, σ± = 1± 1/z4, r2q = κ2q2/4pi and the parameters
δ1 =
1
2rS
√
r3q/lP , δ2 =
√
rqlP
rS
. (9)
where rS = 2GM/c2 and the function dGdz =
z4+1
z4
√
z4−1
. These equations define black
holes that recover their GR counterparts for r≫ lP but which undergo relevant non-
perturbative changes near z = 1. Indeed when δ1 = δ ∗1 ≃ 0.5720 an expansion of the
curvature invariants about z = 1 reveals that the spacetime is nonsingular. Moreover,
the metric can be extended beyond z = 1 revealing a wormhole structure whose
properties are currently under investigation. When rq < 2lP the event horizon of
these objects disappears, making them stable against Hawking decay and with a
mass spectrum M ≈ 1.23605(Nq/Ncq)3/2 mP, where Nq < Ncq ≃ 16.55 is the number
of charges and mP the Planck mass.
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The Palatini approach also allows to study the black hole formation process from
a null fluid [10] in exact analytical form. Consider an ingoing stream of neutral
particles with an energy-momentum tensor Tµν = ρinlµ lν , where ρin is the energy
density of the stream and lµ a null radial vector, lµ lµ = 0. In this case, the matrix Σµ ν
relating the metrics hµν and gµν is given by Σµ ν = δ νµ +2l2Pκ2ρinlµ lν . Considering
a Vaidya-type metric ds2 =−Be2Ψ dv2 +2eΨ dvdr+ r2dΩ 2 the field equations lead
to Ψ = 0 and
B = 1− 2
∫ v L(v′)dv′
r
− 4L(v)ρPr2 (10)
where ρP = c
2
l2PG
∼ 1096kg/m3 is Planck’s density and L(v) = κ2r2ρin/2 is the lumi-
nosity function. Eq.(10) describes a Reissner-Nordstro¨m solution with a wrong-sign
charge term, that interpolates between two Schwarzschild solutions of masses M
and M′ through a transient (charge-term) contribution to the mass function.
2 Concluding remarks
Palatini theories containing R and RµνRµν terms have a rich structure in terms of
black hole solutions. In these theories the connection can be algebraically deter-
mined and the field equations cast in terms of the metric hµν associated to a Levi-
Civita connection. Transforming back to the physical metric gµν provides a full
solution to a given problem. More results on this line will be presented elsewhere.
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